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Abstract. We show here that a sufficient condition for Birkhoffs theorem to hold for the 
Sen-Dunn and Ross scalar-tensor theories of gravitation is that the scalar field should be 
time-invariant. An earlier result due to Reddy in the case of the Sen-Dunn theory is thus 
corrected. 

1. Introduction 

Schucking (1957) has shown that Birkhoff’s theorem is valid in Jordan’s (1952) 
extended theory of gravitation when the gravitational invariant of the theory is 
independent of time. Reddy (1973) obtained a similar result for the Brans-Dicke 
theory of gravitation. In the case of the Sen-Dunn theory, however, he has shown that 
Birkhoff’s theorem is valid whatever may be the nature of the scalar field. Unfortu- 
nately Reddy’s arguments are based on an incorrect set of equations for the Sen-Dunn 
theory. Here we find, from the corrected equations, the weaker result that Birkhoff’s 
theorem holds if the scalar field of the Sen-Dunn theory is time-independent. The same 
holds also for the Ross (1972) scalar-tensor theory of gravitation. 

We discuss the Sen-Dunn theory in § 2 and the Ross theory in § 3. 

2. Bhkhoff’s theorem in Sen-Dunn theory 

Birkhoff (1927) has shown that every spherically symmetric solution of the Einstein 
vacuum field equations is static. This fact is known as Birkhoff’s theorem. We show 
here that this theorem holds in the case of Sen-Dunn theory when the scalar field is 
time-independent. 

The field equations of Sen and Dunn (1971) for the combined scalar and tensor 
fields are 

. 

R ,  - igi,R = -STG(X o)-2T, + w (X’)-~(X - igi jx  $X ‘Ik) (1) 
where w = 5, Tj  is the energy-momentum tensor of the field and R is the usual Riemann 
curvature scalar. The single short vertical bar denotes partial differentiation. 

We consider the spherically symmetric metric in the form 

ds -=-e”dr2-r2(d02+sin2 6 d+2)+e” dt2 
X O 2  

(2) 
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where 

A = A ( r ,  t ) ;  v = v(r,  t )  

and the scalar field 

(3) 

x o  = xo(r,  t ) .  (4) 
The field equations of Sen and Dunn in vacuum for the metric (2) are found as 

follows: 

where primes denote partial differentiation with respect to r and dots denote partial 
differentiation with respect to t. 

In this case Birkhoff’s theorem will immediately follow when x o  is a constant. When 
however, the scalar field is a function of r alone, that is, xo = 0, we have from (8) that 
either 

When = 0, we have from (5)’  

(x0) I2 .  (10) 

Partial differentiation of (10) with respect to t gives 

But since (9) is not the condition in this case 6’ = 0. From this we may conclude that, 

v = $ ( r ) + p ( t ) .  (11) 
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Now we can find a co-ordinate system in which v + vT such that vT = $ ( r ) ,  while the 
other components of the metric tensor remain unchanged. For example, x i  + (xi)' and 
t + f ( t ' )  is such a transformation. Hence Birkhoff's theorem will hold in this system. 

But when x o  = o/r, we find from (5) and (7) that 

(12)  

which gives an unphysical result. Thus we find that the time-invariance of the scalar 
field is a sufficient condition for Birkhoffs theorem to hold in the Sen-Dunn theory. 
This corrects an earlier result due to Reddy which asserts that Birkhoff's theorem holds 
irrespective of the nature of the scalar field in Sen-Dunn theory. 

3. BirkhoPs theorem in Ross theory of gravitation 

The Ross field equations for the regions of space which have no charge and mass 
densitites are 

s,, - ;g,ps = 0 (13)  
and 

a+;=g"@alu,a -g'p&{ a;)-4a,ua~" = o  (14)  

smp = R ,  - 2 ~ l ~ l ~ - 2 ~ j ~ a l p  +2gMal"aIp -grpg"alaly+2alu[ G] +g+gy"ap{ s 
where 

(15)  
and 

@I" = gU%'Ia. (16)  

A double vertical bar here denotes covariant differentiation. 0 is the fundamental 
scalar field in the theory. R ,  is the usual contracted Riemann curvature tensor and {:,,} 
is the Christoffel symbol of the second kind. 

We consider the spherically symmetric metric in the form 

ds2= -e" dr2-r2(de2+sin2 8 dq52)+eY dt2 (17) 

A = A ( r ,  t ) ;  v = v(1, t )  (18) 

CP = @(r, t ) .  (19) 

where 

and the scalar field 

The Ross vacuum field equations for the metric (17) can be written as follows: 
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When CP is a constant these field equations reduce to Einstein field equations in empty 
space and Birkhoff’s theorem immediately follows. 

When, however, the scalar field is a function of r alone, that is, d = 0 we have from 
(23) either 

A = o  or cP=lnr+k,  k=constant. (25) 

When A = 0 we have from (20) and (22) 

A f + v f  
r .‘(A ’ + v’) -- - 2(W + = 0. 

Partial differentiation of (26) with respect to t gives 

V f (  d) = 0. 

As (25) does not hold in this case, V f  = 0 which leads to v = T ( r )  + P ( t ) .  As before we can 
find a coordinate system in which v -* vT such that vT = q ( r )  keeping other components 
of the metric tensor unchanged and hence Birkhoff’s theorem will be valid. 

Again when @ = In r + k we find from (20) that e* = 0 which gives an unphysical 
solution. This proves Birkhoff’s theorem in the Ross theory of gravitation when the 
scalar field is time-invariant. 

Considering the results obtained so far in the different scalar-tensor theories, one 
may suspect that the scalar field should be time-independent for Birkhoff’s theorem to 
be valid for all of them. 
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